HOCHSCHILD COHOMOLOGY OF PROJECTIVE HYPERSURFACES

LIYU LIU AND WENDY LOWEN

ABSTRACT. We compute Hochschild cohomology of projective hypersurfaces starting from the
Gerstenhaber-Schack complex of the (restricted) structure sheaf. We are particularly interested
in the second cohomology group and its relation with deformations. We show that a projective
hypersurface is smooth if and only if the classical HKR decomposition holds for this group.
In general, the first Hodge component describing scheme deformations has an interesting inner
structure corresponding to the various ways in which first order deformations can be realized:
deforming local multiplications, deforming restriction maps, or deforming both. We make our
computations precise in the case of quartic hypersurfaces, and compute explicit dimensions in
many examples.

1. INTRODUCTION

Hochschild cohomology originated as a cohomology theory for associative algebras, which is
known to be closely related to deformation theory since the work of Gerstenhaber. Meanwhile,
both the cohomology and the deformation side of the picture have been developed for a variety of
mathematical objects, ranging from schemes [22] [I5] to abelian [I8], [I7] and differential graded
[14], [16] categories. Ome of the first generalizations considered after the algebra case was the
case of presheaves of algebras, as thoroughly investigated by Gerstenhaber and Schack [7], [9],
[10]. For a presheaf A, Hochschild cohomology is defined as an Ext of bimodules Ext 44 (A, A)
in analogy with the algebra case. An important tool in the study of this cohomology is the
(normalized, reduced) Gerstenhaber-Schack double complex C(A). We denote its associated total
complex by Cgg(A), and the cohomology of this complex by H{q(A) = H"Cgs(A). We have
H{g(A) = Ext’y_4(A, A). Unlike what the parallel result for associative algebras may lead one
to expect, in general HZg(A) is not identified with the family of first order deformations of the
presheaf A. A correct interpretation of Hgq(A) is as the family of first order deformations of A

as a twisted presheaf, and an explicit isomorphism

is given in [0, Thm. 2.21]. Moreover, in loc. cit., if A is quasi-compact semi-separated, the existence
of a bijective correspondence between the first order deformations of A as a twisted presheaf and
the abelian deformations of the category Qch(A) of quasi-coherent sheaves is proven. Hence in
this case there are isomorphisms Hg(A) 2 Defyy (A) 2 Defap, (Qch(A)).

Throughout, let k£ be an algebraically closed field of characteristic zero. Of particular interest
is the case where A is a presheaf of commutative k-algebras over a poset or more generally a small
category. As discussed in [7], in this case the complex Cgg(A) admits the Hodge decomposition
of complexes

(1.2) Cas(A) = P Cas(A)r,

reN
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which induces the Hodge decomposition of the cohomology groups Hg(.A) in terms of the coho-
mology groups Heg(A), = H"Cgs(A),:
(1.3) Hg(A) = D Hes(A)r
reN
The zero-th Hodge complex Cgg(A)g is nothing but the simplicial cohomology complex of A,
and the first Hodge complex Cgs(A)1, which is called the asimplicial Harrison complex in [7],

classifies first order deformations of A as a commutative presheaf. Hence, in this case the map
(1.1) naturally restricts to

(1.4) HEg(A)1 — Defepre(A).

Let (X,0x) be a quasi-compact separated scheme with an affine open covering U which is
closed under intersection, and let A = Ox|y be the restriction of Ox to the covering 8. The

cohomology Hg¢(A) turns out to be isomorphic to the Hochschild cohomology
HH®*(X) := Ext%, x(A.Ox,AOx)
of the scheme X where A: X — X x X is the diagonal map [I7]. If furthermore, X is smooth,

then the Hodge decomposition corresponds to the HKR, decomposition and we obtain the familiar
formula
(1.5) HH"(X)= P HP(X,NTx)

p+q=n
where Tx is the tangent sheaf of X. This formula has been proved in various different contexts
and ways [9], [15], [22], [24], [6].

The decomposition has been generalized to the not necessarily smooth case by Buchweitz
and Flenner in [4], using the Atyiah-Chern character. In terms of the relative cotangent complex
Lx/x, the generalization is given by
(1.6) HH"(X)= P Ext}(ALx/, Ox)

ptg=n
where A? should be understood as derived exterior product. Their arguments are mostly estab-
lished in the derived category D(X), and an interpretation of cohomology classes in terms of

GS-representatives is not immediate.

Since we need GS-representatives in order to use the deformation interpretation from 7 our
starting point in this paper is the Gerstenhaber-Schack complex Cgs(A). In case A = Ox |y for
a projective hypersurface X, in we construct a smaller complex H® and we give an explicit
quasi-isomorphism H® — Cgg(A). Our construction of #* builds on [2] and [19], in both of which
the Hochschild (co)homology of affine hypersurfaces is computed. Following their methods, in
we describe the Hodge components of the affine Hochschild cohomology groups in terms of the
cotangent complex. The other key ingredient in our approach to the projective case is the use
of a mixed complex associated to a pair of orthogonal sequences in a commutative ring, which is

developed in the self-contained section

In We present the cotangent complex L x;, in terms of twisted structure sheaves Ox (1), and
we verify that the cohomology of H® agrees with , and H*® can be considered to be a natural
enhancement of . It is of interest whether the Hodge and generalized HKR decompositions
are component-wise isomorphic for a general variety. Since they agree for smooth varieties and

for hypersurfaces, it is reasonable to expect the answer to be positive.

In general however, we have not yet devised an efficient method to obtain such a nice H®,

relating Gerstenhaber-Schack cohomology and Cech cohomology. For this we seem to lack smaller
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projective resolutions on affine pieces which are easily computable. In the present case, projective
hypersurfaces are tractable using [2] and [I9] as well as our technical results from Moreover,

H* is the total Cech complex of a complex of sheaves, making our computation feasible.

In we compute the cohomology groups of H*® in terms of two easier complexes C*(u;.S) and

KC®(v; R) of graded modules. Our main theorem is the following:

Theorem 1.1. Let X C P" be a projective hypersurface of degree d. Denote by P' the i-th
cohomology group of C*(u;S) and by Q° the i-th cocycle group. Denote by Z' the i-th cocycle
group of K*(v; R). Then the cohomology of H® is given by

(1) whend>n+1,

HH) =D Py Q7 &7 (2715,

r+(i—r
r<i
(2) whend=n+1,

@Pri;i?i—r)@Q;iv i#n—1n,
r<i

i—27 —1 n .
@Pr+n(i—r)@Qi Q" i=n-1,
r<i

i—27 s
@ Pr-i—n(i—r)’ t="mn;

r<i

Il

(3) whend <n+1,

i o\ ~v i—2r —1
H'(H®) = D Py Q-
r<i
In the above formulas, .7 is a linear map defined in (5.2)), and the subscripts of P*, Q®, Z* stand

for the degrees of homogeneous elements in P®, Q°®, Z°.

In we give some applications of Theorem As a first application, we give a cohomological
characterization of smoothness for projective hypersurfaces in Recall that an affine hyper-
surface Spec(A) is smooth if and only if the first Hodge component H, (21)(A, A) vanishes (Remark
. In deformation theoretic terms, this corresponds to the fact that A has only trivial commuta-
tive deformations. For a projective hypersurface X with restricted structure sheaf 4 = Ox |y, the
parallel statement is that X is smooth if and only if the first Hodge component Hgg(A); coincides
with its subgroup H'(X,7x) which describes locally trivial scheme deformations of X. In other
words, X is smooth if and only if the classical HKR decomposition holds for the second
Hochschild cohomology group of X (Theorem . In the appendix |A| we present a more general
proof of this converse HKR theorem for complete intersections making use of global generation of

the normal sheaf, which was suggested to us by the referee.

Next we look into the fine structure of the first Hodge component HZq(A);. Recall that a GS

n-cochain has n + 1 components coming from the double complex C(.A), in particular
(L.7) Cis(A) = CP?(A) @ CH(A) @ C*O(A).

Following [6], we usually write a GS 2-cochain as (m, f,c) corresponding to the decomposition
(1.7). In we show that for A = Ox|y with X a projective hypersurface of dimension > 2,
there exists a complement E of HY (%, T) inside Hgg(A) consisting of Hochschild classes of
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the form [(m,0,0)]. Intuitively, we visualize the situation with the aid of the following diagram:

Hodge components: HZ (A HZ (A) HZ (A
HKR components: Hp (T, /\jT>/ E Hp (0, T) HZ,p (T, A)
representatives: (m,0,0) (0, £,0) (0,0,¢)

In general, we call a Hochschild 2-class intertwined if it cannot be written as a sum of the form
[(m,0,0)] + [(0, f,0)]. Intertwined classes are interesting from the point of view of deformation
theory, as the only way to realize such a class is by simultanous non-trivial deformation of local
multiplications and of restriction maps, with neither deforming only the multiplications, nor de-
forming only the restriction maps leading to a well-defined deformation. Remarkably, based upon
the results from an intertwined 2-class can only exist for a non-smooth projective curve in P2
of degree > 5, and we give concrete examples of such curves of degree > 6 in We leave the

existence of intertwined 2-classes for degree 5 curves as an open question.

In we study the case when X is a quartic surface in P? in some detail. We show that
the dimension of HéS(A)l lies between 20 and 32, reaching all possible values except 30 and 31.
The minimal value Hgg(A); = 20 is reached in the smooth case, in which X is a K3 surface
and H&q(A)1 = HY(X, Tx), as well as in some non-smooth examples like the Kummer surfaces.
Further, we discuss the fine structure of HZg(A)1 in several examples. Finally, let us mention
that the zero-th Hodge component Hés(.A)o is invariably one dimensional, and we know that the
dimension of the second Hodge component Hgq(A) is at least one. Although our results allow us
to compute the dimension of Hgg(A)2 in concrete examples, so far we have not determined the

precise range of this dimension.

Acknowledgement: The authors are very grateful to the anonymous referee for their valuable
comments that helped improve the paper, and in particular for pointing out an alternative proof
for Theorem that actually works for complete intersections (see Appendix . We also thank
Pieter Belmans for his interesting comments and questions concerning an earlier version of the

paper, which led to the discovery of an error in that has been corrected.

2. MIXED COMPLEXES ASSOCIATED TO ORTHOGONAL SEQUENCES

This section is self-contained. In order to make preparations for future computations, we
construct several complexes which are related to Koszul complexes, as well as quasi-isomorphisms

between them.

Let R be a commutative ring, and let u = (ug ..., u,), v = (vo,...,v,) be two sequences in R.

We call (u,v) a pair of orthogonal sequences of length n (an n-POS) if

n
E U;V; = 0
=0

holds in R. Let (K*(u; R), 0y) be the Koszul cochain complex determined by u, namely, X®(u; R)
is the DG R-algebra A®*(Reg @ --- @ Re,) with |e;] = —1 and Oy(e;) = w;. Similarly, let
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(Ke(v;R),0%) = A*(Rfo ® -+ & Rf,) be the Koszul chain complex determined by v. Apply-
ing Hompg(—, R) to Ke(v; R), we obtain a cochain complex Hom}, (fCe (v; R), R) whose terms are
Hom"(Ku(v; R), R) = Homp(K, (v R), ) = B R(fi Ao Afi)"

0<iy < <ip<n

and whose differentials are

(8°)*: Homp"(Ke(v; R), R) — Homy" ' (K.(v; R), R)

(fiu NN fi)) — Zvj(fj AV TWARERRAW W
j=0
For each p, the correspondence e;; A---Ae;, < (fi, A--- A fi,)* establishes an isomorphism

between KP(u; R) and Homp”(Ke(v; R), R) in a natural way. The differentials (9)* induce
another complex structure on ®(u; R) given by

y: K™P(u; R) — K P (u; R)

e, N Nej, r—>Zvjej/\eil A Nej,.

7=0

Remark 2.1. (K*(u; R),dy) is isomorphic to the Koszul complex determined by the sequence

v* = (v, —v1,..., (=1)"v,).
The following lemma is very easy to prove.
Lemma 2.1. K*(u,v; R) = (K*(u; R), Oy, O) is a mized complex.

This mixed complex gives rise to a double complex K**®(u,v; R) in the first quadrant as in
Figure For r € N, define 7"K**(u,v; R) to be the quotient double complex of K**(u,v; R)

consisting of all entries whose coordinates satisfy 0 < ¢ < r.

Oy
K°(u,v; R)
FIGURE 1. Double complex K**(u,v; R)
Suppose that v, is invertible for some t € {0,1,...,n}. Let w = (ug,...,Ut,...,Up), and

(K*(w; R), Ow) be the corresponding Koszul complex. Define ¢: K*(w; R) — K*(u; R) to be the
canonical embedding morphism, and define 7: K®(u; R) — K*(w; R) by
e N Neg, if none of i; is ¢,
(e, Ao Neg,) =
—kavt_leil NeooNei,_y Neg Nej,y N+ Nej,, ift =i, for some j.
ket
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for each p.

It is routine to prove that Oym(es, A---Ae;,) = mOu(es, A--- Aeg,). Hence we have
Lemma 2.2. 7: K*(u; R) — K*(w; R) is a morphism of complexes.

Lemma 2.3. For all p, the sequence
0 — K2 (w; R) 2% K P(u; R) = K~ P(w; R) — 0

is split exact.

Proof. First of all, this is indeed a complex since w0yt = 0.

Next, we consider the map id —u7. By the definition of , if none of ¢; is ¢, then (id —um)(e;, A
o Aey)) =0;if t =i, then (id —um)(es, A--Aeg,) = Op((—1) Loy e, Ao Aeg, A Aey). Tt
follows that there exists a map ¢: K7P(u; R) — K~P*!(w; R) given by

Clei A-eeNeiy) = {(()Ll)jlvle- ANereNeg N Aey i ?(le -Oioi]sljrri; J
¢t Ci i ip) j )
which satisfies 0yt + ¢m = id. Moreover, mt = id, (0,¢t = id. These facts indicate split exactness

of the complex. O

Let 727 be the stupid truncation functor. Since the top row of 7"K®**®(u,v; R) is the same as

729(K* (u; R)[—7]), we define the morphism ¢, () associated to t as the composition of
2" (K® (w; R)[—2r]) == 72" (K* (u; R)[—2r]) < Tot(7"K**(u,v; R)).
Sometimes we suppress the subscript ¢ in ¢ (,y if no confusion arises.

Proposition 2.4. For any r > 0, ¢(y: 727 (K®*(w; R)[-2r]) — Tot(7"K**(u,v; R)) is a quasi-

isomorphism with a quasi-inverse (. induced by 7.

Proof. By Lemmas the sequence

(=1)*0pt
-

0 — K*(w; R)[1 — 27] K® (u; R)[—2r] = K*(w; R)[-2r] — 0

of cochain complexes is exact. After shifting degrees, we have another exact sequence

0 — K*(w; R)[2 — 2r] T2 joo w: RY[1 — 20] < K (w; R)[1 — 2] — 0.

Since 9yi( + tm = id (see the proof of Lemma 2.3), we have (—1)*yim = (—1)*0y(id —0yt() =
(—=1)*0y. So the above two exact sequences are combined into a new one

(=1)° 8wt (=1)*0y
— —

0 — K*(w; R)[2 — 2] K* (u; R)[1 — 2r] K*(u; R) = K*(w; R)[~2r] — 0.

Continuing the procedure, we obtain a long exact sequence

s K R)2 — 2] T ke RY[1 — 20] 2% ko (s R)[—20] 5 K° (w; R)[=2+].

Let the functor 72" act on the long sequence, and then by using the sign trick, we make all the
terms except the last one (i.e. 727 (K®(w; R)[—27])) into a double complex. It is obvious that the

resulting double complex is nothing but 77K*® (u,v; R). Therefore, 7 induces a quasi-isomorphism
Ty Tot(7"K** (u,v; R)) — T2"(K® (w; R)[-2r])
which is quasi-inverse to ¢(;). (]

Definition 2.1. An n-POS (u,v) is said to be proportional to another one (u’,v’) if there exist
invertible A, u € R such that (v/,v") = (M, ).
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Notice that the (p,q)-entry of 7"K**(u,v; R) (resp. 7"K**(u',v’'; R)) is KP~9(u,v; R) (resp.
KP~1(u',v'; R)), and that KP~9(u,v; R) and KP~9(u',v’; R) share the same rank as free R-modules.
There are isomorphisms

NPpd: KP~9(u,v; R) — KP~9(u',v'; R)
given by the multiplication by APu? for all p, g, and they constitute an isomorphism

(21) Ey i TR (w03 R) — 7K (W0 R)

of double complexes. The induced isomorphism between their total complexes is denoted by §(T7f3t.

3. HOCHSCHILD COHOMOLOGY OF AFFINE HYPERSURFACES

Let A = k[y1,...,yn]/(G) be the quotient of the polynomial algebra k[yi,...,y,] by a unique
relation G. There are several papers concerning the Hochschild and cyclic (co)homology of A,
the treatment of the topic dating back to Wolffhardt’s work on Hochschild homology of (analytic)
complete intersections [23]. We base our exposition on the more recent papers [2], [I9]. In [19],
Michler describes the Hochschild homology groups of A as well as their Hodge decompositions
when G is reduced, based on the cotangent complex of A. The Hochschild cohomology groups
are not treated in [19]. In [2], the authors from BACH construct a nice finitely generated free
resolution RE(A) of A over A° under an additional condition on G. For the normalized bar
resolution C_'PQ"(A)7 the authors give comparison maps

Chor(A) === R}(4)
satisfying aa’ = id. By virtue of the smaller resolution R2(A), the authors compute the Hochschild

homology and cohomology of A.

From now on, we assume that G = G(y1,...,¥y,) has leading term y{ with respect to the
lexicographic ordering y; > --- > y,. Under this assumption, we are able to use the resolu-
tion RY(A) from [2] and obtain the Hochschild (co)homology groups as H,(A, A) = H,(R(A))
and HP(A, A) = HP(L*(A)) where Re(A) = A @4 RL(A) and L*(A) = Homye(RE(A), A) =
Homy(Re(A), A). We also note that Re(A) admits a decomposition @,enyRe(A), by the proof
of [2, Thm. 3.2.5] and respectively £*(A) admits a decomposition [], . L*(A), by the proof
of [2, Thm. 3.2.7], and Hom4(Re(A),, A) = L*(A),. Moreover, the decomposition LP(A4) =
[I,en £7(A)y is in fact a finite product for every fixed p. Hence HP(A, A) = ©,enHP (L (A),).
In this section, we first make the complex L£°®(A) explicit according to [2], and then restate it
in terms of the cotangent complex, inspired by [19]. Next we will prove that the decomposition
HP(A, A) = ®,enHP(LP(A),) coincides with the Hodge decomposition [§]. Finally, Hochschild

cohomology of localizations of A is discussed.

By the construction of [2], denote E“(A) = A*(Ae; ® - ® Ae,) and then L£°(A) is the algebra
of divided powers over LF(A) in one variable s. Set |e;[ = 1 and |s()| = 24, then £°*(A) is made
into a DG A-algebra whose differential is given by ¢; — (0G/0y;)s™V) and sV +— 0. By writing
¢;,..i, instead of the product e;; A---Ae;,, we have

LP(A) = Ph Aey i 5,89,

0<j<p/2
1<i1 < <ip_2;<n

and the differential £P(A) — LPT1(A) is given by

p—2j l—1§

iy 0,80 Y (—1) - GG+
=1

AL Ggep—2j
3yll p—2j
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It immediately follows that the A-module complex £°(A) admits a decomposition L£*(A) =
[I,en £°(A), with

(3.1) L*(A)y = 72" (K*((0G/9yi)1<i<n; A)[-2r]).

Let us shift our attention to the cotangent complex L4/, of A. As stated in [T9] (also see [12],
Ch. III, Prop. 3.3.6]), this complex, unique up to homotopy equivalence, is given by

n
0 — Adz 2+ P Ady; — 0
i=1
where the two nonzero terms sit in degrees —1 and 0 respectively, dz and dy; are base elements

and

§(dz) = ng

By [13, Ch. VIII, Cor. 2.1.2.2], A"L 4y, is isomorphlc to a complex determined by § in the derived
category D?(A), more explicitly,
ALy = @ N(Ady, @ --- & Ady,) @4 I (Adz)
i+j=r
where I'7(—) is the degree j component of the divided power functor over AE| Taking the dualities
on both sides, we obtain
(3.2) Homa(A"Las, A) = @) A (A(dy)* @ - @ A(dyn)*) ©a T7(A(dz)")
i+j=r
where (—)* stands for dual basis. Notice that the j-th term of the right-hand side of (3.2 is
free of rank (Tﬁj), and the rank is the same as that of 729(K*((0G/0y:)1<i<n; A)[—7]) for all
0 < j < r. By taking into account differentials, one has an isomorphism Homa (AL, A) =
29(K*((0G/0y:)1<i<n; A)[—7]), and further Homa(A"L /i, A)[—r] = L*(A), by (3.1). Conse-
quently we have
A) =P HP(£2(A),) = P HP (Homa (A Laji, A)[—r]) = @ Exth " (A" Layp,, A).
reN reN reN

We will compare the above formula with the Hodge decomposition HP(A, A) = &, ENH(T) (A, A).
To this end, let us observe that H,(A, A) = Hp(BrenRe(A)r) = SrenHp(Re(A);). The direct
summand H,(R«(A),) is isomorphic to the Hodge component HIST)(AA) by [19]. This immedi-
ately implies that both quasi-isomorphisms id ®a, id ®a’ in

P C.(4, A), @R

reN
can be replaced by another pair of quasi-isomorphisms &, &’ which preserve the above direct sums.
In fact, if p > 1 then id®ay,: @ren Cp(A, A)r — ®renRp(A), can be represented by a matrix
(aij)pxp since Cp(A, A), and R,(A), are zero unless 1 < r < p. Let &, be represented by the

id®@a’

matrix diag(ai1,a2e,...,ap). I p = 0, let &y = id®ay. Then & is a quasi-isomorphism, as

desired. Similar matrix construction holds for &'.
By applying Hom4(—, A), we get quasi-isomorphisms

[[C 4 4),

reN

B’ :=Hom(&' A) Hﬁ'

reN

B:=Hom(&,A)
which preserve direct products. Taking cohomology, we then obtain

HY (A, A) = HP(L*(A),) = Extly " (A\"Layx, A).

1Upright I'(X, —) will denote the global section functor on a scheme X in
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From it, we know the decomposition of H?(L*(A)) deduced from [2] actually corresponds to the

Hodge decomposition.
Observe that the quasi-isomorphism 3: £L*(A) — C*(A, A) induces isomorphisms H g«) (A A) =
HP(L*(A),) for all p, r. The explicit expression of 8 can be concluded from «, and we will give

it later on. For our purpose, we first introduce some cochains. Note that the algebra A has the

basis
Ba={y'vs" yhr [0<p1 <d—1,p2,...,pn €N},
We define for 1 <! < n a normalized 1-cochain °9/dy; by

°of g1
(3.3) Basyl'yy---yhm = fr— B =pt oy e
and a normalized 2-cochain °u by
07 P1 + q1 < da
(3.4) w(f.9) = -
yprn T hype eyt py 4y > d.

for an additional g = y{'y3* - - -y € B4. One can easily check that % is a 2-cocycle.

Now we give the expression of 8 =3 B : L*(A) — C*(A, A):

(*3¥) 0 U U 0

o Uj.
i, 3yip_2j

(3.5) Bio—i) €.ty 8Y) = (=1) Jom

The notation U, not to be confused with the well-known cup product, is defined as

1
PPUPU---UP, = ooy} Z (-=1)uo (Pga(l) X P071(2) K- & ng1(m))
oESm
where P; € C*(A, A), u is the multiplication map (or rather its unique extension by associativity
to an m-ary multiplication map) and

c=#{(i,5) | i < j, o ' (i) > o' (j), Pi, P; have odd degrees}.

Thus, the operation U becomes supercommutative. For example,

°9 . 1 [°0 . . 9\ . °8
U= gpo @ p+u® = puu

0y; 2 0y; Oy; oy’
9 °9 9 °d
dyi — dy; dy; ~ Oy

Remark 3.1. Since B (L*(A),) C C*(A, A),, we also call L*(A) = @,enL®(A), the Hodge de-

composition.

Remark 3.2. Recall that the vanishing of the groups H(Ql)(A, M) for all A-modules M charac-
terizes smoothness of A. Since A is an affine hypersurface, A is smooth if and only if the ideal
(0G/0y1,...,0G/dy,) is equal to A itself.

Let A be the localization of A at a multiplicatively closed set generated by v, ,...,y;, where
2<t; <<ty <n. Let 0: A — B be a morphism of commutative algebras such that B is a

flat A-module via 0. Then A has a basis

Bi={y"y? -yt |0<py <d-—1,pt,...,pt, €Z, other p; € N}.

As above, cochains °9/dy, € C1(A, A) and u € C?(4, A)
ing them with o, we obtain cochains in C'(4, B), C?(A, B
that there is a quasi-isomorphism 3: B ®4 L*(A) — C*(A, B) whose expression is similar to the

one shown in (3.5).

can be defined similarly. After compos-

). Furthermore, one can easily check
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4. HOCHSCHILD COHOMOLOGY OF PROJECTIVE HYPERSURFACES

For any morphism X — Y of schemes or analytic spaces, Buchweitz and Flenner introduce the
Hochschild complex Hx /y of X over Y [5], and they deduce an isomorphism Hx /v = S(ILx,y[1])
in the derived category D(X) where L,y denotes the cotangent complex of X over Y and
S(Lx/y[1]) is the derived symmetric algebra [4]. As a consequence, there is a decomposition of
Hochschild cohomology in terms of the derived exterior powers of the cotangent complex
(4.1) HH'(X)= @ Ext} (ALy/, Ox)

ptq=i
in the special case Y = Speck, which generalizes the HKR decomposition in the smooth case.
Around the same time, Schuhmacher also deduced the decomposition using a different method
[21].

This decomposition is more computable than using Gerstenhaber-Schack complex directly.
However, we do not use it for our computation since its deformation behavior is implicit. As
a sequel to [6], [17], we compute HH®(X) starting from the Gerstenhaber-Schack complex, since
a deformation interpretation of Gerstenhaber-Schack 2-cocycles is at hand [6]. In §4.1) we con-
struct a series of complexes of Ox-modules, whose associated simplicial complexes £ are much
smaller than the Hodge components Cg(Ox |), of the normalized reduced Gerstenhaber-Schack
complex (for a chosen covering ). Using the technique from we construct explicit quasi-
isomorphisms £* — Clg(Ox|y), for all r. Hence the Hodge decomposition of HH*(X) is

obtained.

Due to the theoretical significance of the cotangent complex, we give expressions of A"Lx ;. in
terms of twisted structure sheaves Ox (1) for all r in When X is a projective hypersurface. This
allows us to explain directly how our results agree with Buchweitz and Flenner’s. In particular,
the decompositions and agree for any projective hypersurface.

4.1. Double complexes and quasi-isomorphisms. Let n > 2, R = k[zg,...,2,] and F € R
be a homogeneous polynomial of degree d > 2. Let S = R/(F) and X = ProjS C P". Choose a
point in P" where F' does not vanish, and change variables so that this point is (1: 0 : ---: 0);

then the coefficient of x¢ does not vanish. There is no harm to assume that the coefficient is equal

to one. In this way, X can be covered by the standard covering
U={U;=Xn{x; #0} |1 <i<n}.
Let U={V;, ;. =U;;N---NU;, |1 <iy <--+ <is <n} be the associated covering closed under
intersections. For any a p-simplex o € N,(U), say
o=WVWCWViC---CV),

denote its domain Vj and codomain V,, by .o and o, respectively. Let C**(A) be the Gerstenhaber-
Schack double complex where A = Ox|q, namely,
Cri(A)= [] Homi(A(c)®?, Als0))
o EN, ()
endowed with the (vertical) product Hochschild differential dpocn, and the (horizontal) simplicial
differential dgimp. Recall that a cochain f = (f,) € CP9(A) is called normalized if for any
p-simplex o, f, is normalized, and it is called reduced if f, = 0 whenever ¢ is degenerate. Let
C’**(A) be the normalized reduced sub-double complex of C**(A) and C&s(A) be the associated

total complex.
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Observe that for 1 <i <n, 4, = A(U;) = k[yo,- - ¥is - - -, Yn]/(G;) where

Gi=FWo,- Y1, L, Yis1, - Un) = yd +---
is monic. Here we assign an ordering yo > -+ > 9;-1 > Yir1 > -+ > Yn. S0 we have complexes
L*(A4;) as given in Denote by w; the sequence
0G; 0G; 0G; 0G;
Then £*(A;), = 727 (K® (w;; A;)[-27]).

For any V € U, say V =V;, ., let (V) = {i1,...,is}. If t € B(V), we may express A(V) in
term of generators and relations as
AV, t) = k[yo,...,yAt,...,ymy;ll,...,gjt;\l,...,ygl]/(Gt,ytlytjl - 1,...,yt5y;1 —1).
Since A(V,t) is a localization of A;, there is a quasi-isomorphism
B: B®a, L*(A) — C*(A(V,t),B)

for any flat morphism A(V,t) — B by the last paragraph of If s also belongs to ®(V), the
canonical isomorphism A(V,t) — A(V, s) is denoted by (; s. Unfortunately, ¢; s is not compatible
with the differentials of £*(A4;) and £*(As), namely, the square

B®a, L2(A) — = C*(A(V, 1), B)

Ct,sl TCZ&

B®a, L*(A,) —= C*(A(V,5), B)

fails to be commutative. So one does not expect that the complexes £*(A(V)) for all affine pieces
V' can be made into a complex L°® of sheaves on X equipped with nice restriction maps. The
reason is that the £*(A(V))’s are too small. In order to study A globally, we have to put on their

weight so that our computation will be easier.

It follows from Euler’s formula

" OF

that
_(oror orN o |
“\ 9o 07 9, and v = (zg,T1,...,Ty
make up an n-POS in S. Also, there is an n-POS (u;,v;) in A;:
8G1 GGZ GGZ an
u;, = ,...,7,HZ‘,77..., and'vi
(ayo 0Yi—1 0Yit1 5yn)

= <y07"'ayiflaLyiJrlv--'vyn)

where

OF
Hi - %(yo;ylw"7yi—1717yi+1,~-- ;yn)

Since w; is the subsequence of u; by deleting H;, the results from §2] apply. As before we get the
mixed complex K*(u,v;.5) and the double complex K**(u,v; S).
Let r > 0 and let us consider 77K**(u,v;S). We twist the degrees of its entries as in Figure

[2 so that it is made into a double complex of graded S-modules. The associated total complex

gives rise to a complex of sheaves

Fo Ox—>OX(1)n+l—)~"—>Ox(’l"d—d+ 1)n+1—)0X(Td).

We in turn have double complexes £, G*** and Hy* as follows:

EPY = CL (U, Filw) = [[ Fleo),
o EN,L ()
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n+1 n+1 au

S(T)( T )L)S(T_Fd_l)(T_l)HHS(rd d+1)(n41r1>8$5(7'd)

90 B Tau
S(r—l)(:i)4>S(r+d—2)("+1) Npp— S(rd —d)
90 B
B0 90
s * L 5(q)
Oy
S

FIGURE 2. Double complex 77K**(u,v; S)

gpq_cpm]:q H Fi( ip)’
HPT = CP (L, F2) H F( nu,,).
Ui, ..U,

Their associated complexes are denoted by &7, G* and H? respectively.

Lemma 4.1. There exist morphisms Hy'® — G2* — £ which induce quasi-isomorphisms Hy —
G — & forallr.

Proof. The existence of Hy®* — G*** is clear since U is a refinement of {{. The morphism G* —
E?* is given in [6]. Both induce quasi-isomorphisms of their total complexes, by using the spectral

sequence argument. ]

For the purpose of studying deformations in the following sections, let us make the composition
explicit. Fix a map A: ¥ — U such that V C A(V) for all V € 2U. The induced quasi-isomorphism
A: H® — £ maps f € HP? to
(4.2) MWV ccvs, = IaVig)oa(Viy)-

Let C'**(A) = @,enC!**(A) be the Hodge decomposition. Our goal is to construct a family
of morphisms £2* — C!**(A) of double complexes for all r that give rise to quasi-isomorphisms
E? — Cgg(A),. Since the cohomology of Cig(A) turns out to be isomorphic to the Hochschild
cohomology of X (see [I7, Thm. 7.8.1]), the cohomology HH®(X) can be computed by H® :=
GrenHe, namely, HH(X) = H'(H®).

Let 0 € N,(U) be a p-simplex and consider ¢, s € ®(0,,). We have quasi-isomorphisms
Bt: @TZT(IC'(wt;.A(Oa, N[=27]) = A(s0,t) @a, L*(Ar) — C*(A(0s,1), A(s0, 1))

reN
and s, which is defined similarly. Let °0;/0y;, °ur and °0s/0y;, °us be the resulting Hochschild
cochains as defined in and . According to the generators and relations of A(c,,t) and
A(,0,t), we can regard °d;/0y;, °us to be cochains in C*(A(os,t), A(s0,t)) by abuse of notation,
and similarly for °d,/9y;, us.

Lemma 4.2. Let ¢ .- C*(A(0s,t), A(s0,t)) = C*(A(0s, 5), A(+0, 5)) be the isomorphism induced
by Cts. Then
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(1) ¢f.(°0¢/0ys) = yi - °0s/0y; if i #t, s.
(2) Cé,s(oat/ays) == Z#s YtYi - Oas/ayi-
(3) Cé,s(out) = yf . O/J/s-

Proof. (1) (2) Choose any f = yb®---yr* 'yt - y2n € Ba(o,,s) and let |f| = D iptsDi- We

have

¢, <oat ) ) = Grw 0 2o ¢ u(f)

0y; 0y;
°0 Po DPt—1, P41 = £l Dn
:Ct,soay‘(yo Y Yt s )
1
i—1 t— — n
= Cos(Payh -yl Ty ey Ty
i—1 1 s— s n
:pzygo.yf .yft-‘r yg_llyf_‘:il.yz
oas
=Yt (f)

Jy;
for all i # ¢, s, and

°0 °04
! — B I L T e IRl b | IR
Ct,s (3yg)(f) Ct,s o ays (y() Yi—1 yt+1 Ys Yn )

= Ct,s(—lf\ySO . ..yffllyfril ...ys—\f\—l ey

= —|f|ygo . .yftJrl .. .yf:_llyfj:il .. .ygn
=—ulflf
°0
== Zytyzf(f)
its Yi

(3) Let g = yg° - yi ™y Wiy Yl € Bago,.s) and |gl = 3, , ¢i- Assume po + o > d. Then

Gl Ce)(f19) = Coos 0 ey - -y bt -y My ol tydan ol yan)
= G p(ypotaomd . yprtaeyprtae L olf=lol g pntan
= ygoJrqofd . yft+qt+d . yfi—ll“l’QS—ly?i#»ll“rq.erl . 'y£"+q"
=y us(f.9).
On the other hand, ¢/ ,(%u)(f,9) =0 =y - %us(f, g) trivially holds if po + qo < d. 0

There are proportional n-POS ({5 (), Cr.s(ve)), (4s,vs) in A(s0, 8) with us = yf_lgs(ut) and

vs = Y s(vy). There is an isomorphism
& s Tot(T" K™ (oo (wr), Gr.s (01); A(o0, 5))) — Tot (77K (us, 55 A(50, 5)))

as given in (2.1). Since the t-th, s-th components of (; ;(v:) and v are invertible, we have the
diagram

T, (r)

(4.3) Tot (77K *(Cr.s (), s (v1); Alo0, 8))) TR (G (we); A(o0, 5)) [—2r])

iﬁ;,(r)

&% C*(A(0s,8), A(s0, 8))

Tﬂs,(m

27 (K® (wg; A(s0, 8))[—27])

Ts,(r)

Tot(77K** (us, vs; Alo0, 5)))

where BL(T) is induced by B () and (.

Lemma 4.3. The diagram (4.3)) is commutative.
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Proof. Choose any base element F = e;, A--

“Neg, € KP(Crs(ue), G s (ve); A(o0, 5)). When viewed

as a cochain in 77K** (s (ue), (.5 (v); A(0, s)), E locates in position (r — p,r). So §tT§t(r)( ) =

r—p. T r+(d—1)(r—
(i) ry B = gy D)

Ift,S%{’L'l,...,

ﬁ,’;(,-) O T, (r) (E)

ip}, then

r —1)(r— 4 oas
:yt+(d ( p)(il)(Q) U---U

E. Let us prove the lemma by a case-by-case argument.

= /81;,(7) (eil-nips(rip))
= (450 (_1>(§) ( i

~ (10, (5o

0 °0, —
t U---U t U O,U,;J( P)) o (Cs’t)®(2r—p)

d— r— r—
— gy T p)ﬁs,(r)(eil...z'pﬁ( P))

= 65,(7") O Ts,(r)
If8¢ {il,...,

B;,(r) o '/Tt,(r)
m#t

°0, _
U---U t U O/J'U(T P)
3yip

:*Zymyt -

m#t

== vy s

ip} and t = i; for some j, then

°H —
06t (5 ) U ()

ip

= 3 gy VO ()

m#t,s

U ()PP —

( > ytyz

i#s

d— —
:y:+( D(r p)ﬂs

= ﬁs,(r) O Ts,(r)

Ift ¢ {ir,...,

51/&,(7") © 7Tt,(7')(E) ( )( )Ct 9< y

tr“"(d—l)(T—P)(_l)(

0yi, 3yip
°0 e
) gé( ) (¢ho ()"
yzp
oaS o T—
Utig, U (g o))
°D o e
u®° - r—p)
i, i, Hs
o §E§,t(r)(E)-
_ ()( °0; U.--uU °0, U °O U °O
) ayil 8%‘,-,1 8ym ayij+1
0 o g
°0; , °0
Cts( 21>U"'U<t,s(ay7tn)u'“
) °0s U.---u °0s U.-.--u °0s
9yi, OYm i,

;+<d71><rfp>f2(_1)(s)& U

U s
Y Iy,

0yi,
U ()2

5)7083 U---U °0s U---U °0s
yi, Oy y;

U ()

P

() (®iy.i 5P

0 &0, (B)-

ip} and s = 4; for some [, then

) uc(aj) (o)

p

o (d—1) (r—p)— py °0s °0s
t+(d 1)(r—p) 1(_1)(2)8 < Zytym )
Yiy m#s

°0s
U—>uU :U's(r P)

i,

r+(d 1)(r—p) as Oas oas
— m ( U---U U---u

Z Y ayu aym ayip

U o)

m#s
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= _y:+(d—1)(r—p) Z ymﬂs,(r)(eil‘..m‘..ipﬁ(r_p))
m#s

= Bs,(r) O Ts, (r) © fg:g,t(r) (E)

If t =4; and s = 4; for some j, [ then

°9, °9, °9, °9,
By vy © Tt (r YmYy Cs (@( U..-u U U
Ly © Tt ) (B T%;t o (CDW 5 T el
°O °O U(r—p) ®(2r—
U---U U---u ue ; T—p)
ays 8y1p H o (C ,t)
°0, °0,
:_Zymyt - )Cts( t)U"'UCt/,s(at>U'”
m#t,s y“ Ym

°0, °0y r—
U<£,€<ayt> Ct 9( y > (Ct G( ))U( p)

I - Oas 083
:_Zymy+d1 )2(_1)(5)87-UWU8 U---
m;ﬁts y’Ll ym

oas
< #ZS yty1 1) U ayip

o o
d—1 0 0
:yr-i-( )Tp E E y,’nyz 89UU83U
m#t,s i#£s Yia Ym

088 068 _
U---u U <OMS)U(7" p)

9y ayi,,

T —1)(r—p)— P Oas oas
G G Z ymyt(_l)(Z)TU"'Ua U---
m#£t,s Yiq Ym

Oag Oag -~
Sy U= U(OHS)U(T p)

Oyt ayi,,

°0 °0 °0
—”(d”p)Zym s y.uBy oy By
mts 3y11 ayt 8ym

U (o)

O ()

U

U

°9,
8yip
r+(d—1)(r— T
—Y (@) Z ymﬁs,(r)(ei1-~~m--~ip5( p))
m#s
= fs,(r) © Ts(r) © §E§f(,,) (E). -

Therefore we obtain a commutative diagram

P Tot (K> (w1, 013 A6, 1)) — " C*(A(00, 1), Ao, 1))

reN
’
Cl ¢

52 oy —

D Tot(r7KC** (Gos (we), Go,s(04); Al60, 8))) —— C*(A(05, 5), A0, 5))

reN
gTotl
t,s

P Tot(r7K** (ug, v, A0, 5)))

reN

Bsoms

C"(.A(Uo, 8), A(OU, 5))

where the vertical morphisms are isomorphisms and the horizontal ones are quasi-isomorphisms.
Let & , = &% 0 (5. The twisting number 7 + (d — 1)(r — d) of the (r — p,r)-entry in Figure
coincides with the exponent of y; in the proof of Lemma This is equivalent to say that & ,
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is the canonical automorphism of F*(,0) if we write A(,0) in terms of different generators and

relations. Moreover, it is easy to check the coherence conditions
Eono&ls =& Cuols=Cu
hold true for any additional u € ®(o,). This gives rise to well-defined morphisms
Yo =Bom: F*(s0) = C*(A(0s), A(50))

for all simplices o € Ny(U) which commute with simplicial differentials. Remember that 3 and 7

preserve the Hodge decomposition. These facts are summarized as

Theorem 4.4. Let £%* = @,en&Er*. The morphisms vy : F*(s0) — C*(A(0,), A(s0)) for all
simplices o on 0 constitute a morphism y: E** — C'**(A) of double complexes that gives rise to

a quasi-isomorphism £® — CES(A). Moreover, v preserves the Hodge decomposition.

4.2. The cotangent complex of a hypersurface. In [I, Expose VIII] Berthelot defines Lx /y
as a complex concentrated in two degrees when X — Y factors as a closed immersion X — X'
followed by a smooth morphism X’ — Y. Obviously, when Y = Speck and X = Proj S, X’ can
be chosen to be Proj R = P" and so the factorization X < P" — Speck satisfies the condition.
Let O = Opn, and let Z C O be the sheaf of ideals determined by the closed immersion X — P™.
By definition, ]L())(/k = 1*Qpn, }L)_(}k = T/72, and other ]Lg(/k are all zero, the differential Z/72? =
"L — 1*Qpn is induced by Z — O 4 Qpn.
Note that the complex

0 — Ox(—d) 2 Ox(—1)"™ 25 05 — 0

concentrated in degrees —1, 0 and 1 is the same as F7V[—1] where (—)Y = Hom(—,Ox). We
claim that the complex presents Ly ,;. In fact, the isomorphism 7 /I? = Ox(—d) is obvious. Let

1™ act on the exact sequence

(4.4) 0 — Qpn —> O(=1)" 250 — 0.

Since vector bundles are acyclic for any pullback, we have another exact sequence
0 — " Qpn — Ox(—1)"! Py 0% — 0.

This immediately gives the quasi-isomorphism

e 0 Ox (—d) 2 Ox (~ 1) 2 O

R

0 7/12 7* Qpn 0

Proposition 4.5. In the derived category D(X), ALy, = FpY[—=r] for any r € N.
Proof. Because Lx/; is the two-term complex of vector bundles Ox(d) — 1*Qpn, the exterior
power A"y is given by
Ox(=dr) — *Qpn(—=d(r — 1)) — -+ —> A" %" Qpn (—=ds) —> -+ —> AT2" Qpn,
for example by [20] §4].
Recall that the exact sequence can be generalized to the long exact sequence

0— Qb — O(=)") 2y o1+ 1)(I5) 2y Py ot 2y 0
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for any [ € NE| Just as before, the pullback
0— " Qb — Ox (=D 25 Oy (=1 + )T 2oy 2o 0 (1) 25 04 — 0
is also exact.

These complexes constitute the diagram as follows,

Ox
Oy
Ox(—d) — 2~ Oy (~1)n+!
Oy Oy
61, 81;

Ox(d—rd) —2 ... 2 0y —r— ) 2 0y (—r+1)(H)

Ox(=rd) 2 Ox(d—rd — 1) 2 . 2 0y (1 —r — d)FD) 2 0 (=) ()

| |

Ox (—rd) ——= 1" Qpn (d — rd) o FET (—d) ———————= Q0

where each column is exact, and each square is anti-commutative (we adapt the Koszul sign rule
here). Note that the associated total complex of the double complex by deleting the bottom row is

exactly 72V [—r]. Hence the diagram gives rise to a quasi-isomorphisms A"Lx/, — FrV[—r]. O

Before closing this section, let us compare Buchweitz and Flenner’s formula (4.1)and ours (i.e.
HH'(X) = H'(H*)) via the isomorphisms A"Lx, — Fr¥[—r]. Since F¢ is a complex of locally
free sheaves, one easily deduces that Ext% (Fg¥[—¢], Ox) = HPTI(Fs) where the hypercohomol-
ogy H’”q(]—'(;) can also be computed by the (total) Cech complex (see e.g. [3, Ch. 1]), namely,
HPTI(Fs) = HPI(H?). So

P Ext] (ALxu, Ox) = @ HPT(H]) = H'(H®).
pHq=i pFq=i
Thus the Hodge decomposition and the HKR decomposition (in the sense of Buchweitz and Flen-

ner) of HH®*(X) are component-wise isomorphic for any hypersurface X C P".

5. COHOMOLOGY COMPUTATION

In this section we prove our main theorem (Theorem [1.1)), providing a computation of the
Hochschild cohomology groups of a projective hypersurface of degree d in P™ in terms of the easier
complexes Hy. The result makes a basic distinction between the case d > n + 1, the harder case

d =n + 1 and the easier case d < n.

Let us associate some graded modules to X = Proj S. Note that the J, constitute a morphism

e 3w 8) — 2 K2 S) — 2 K (u; S) 2 KOs )

la Ja o T

e 2w 8) — 2 K S) — 2 KO ) =0

2The proof is similar to the one of [T, Thm. 8.13].
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from which we obtain the cokernel complex C*(u; S):
(5.1) = K 3w S)/im 8y 225 K2(u; S)/im 8y 2% K~ (u; S)/im 9y 225 KO(u; S).

The i-th cohomology group of C*(u; S) is denoted by P* and the i-th cocycle group by Q. Clearly,
the S-modules P?, Q% are graded modules. Denote by Z the i-th cocycle group of K®(v; R), which
is a graded R-module.

Observe that we have defined quasi-isomorphisms H® — G* — £* — C3g(A). From now on,

let us compute Heg(A) :== H*Cgg(A) by using H**. We need some lemmas.

Lemma 5.1. The cohomology groups of K®(v*;S) are H* = H) =k, H™1 = Hdill = ku* where
u* = (0F [0z, —0F /0z1,...,(=1)"0F/0x,), and H* =0 for all i # 0, —1.

Proof. Recall Remark [2.1] and note that v§ = (-1, 22, ...,(—1)"z,) is a regular sequence in S.
So K*(v*; S), which is the mapping cone of K*(v}; S) =% K*(v§; S), is quasi-isomorphic to
s 0 — S/(v) = S/(v) — 0.

Since S/(vE) = k[xo]/(xd), we have H® = k and H~' = k(1 — d) as graded modules. To show

*

u* is a base element in H~!, we will check that u* never belongs to im 0,+. This is clear since

OF |0z contains drd ' as a summand. O

The following is well known:
Lemma 5.2. The cohomology groups of K*(v; R) are H* = H) =k, and H' = 0 for all i # 0.
Lemma 5.3. Let 7§ be the zeroth graded component of T7KC**(u,v; S).

(1) If 0 <r <m, then

0, 0<i<n,
Hi(Tot ) = { Q; ", i=n,
i—27 ;
PT'+(i—7')(d—1)’ r <1< 2r.
(2) Ifr>n+1andd=n+1, then
0, 0<i<r i#mn,
H'(Tot 1) = { k, i=n,
P2 r<i<2r

r+(i—r)(d—1)’
3) Ifr>n+1andd#n+1, then
] O? — ' — )
H*(Tot 1) = {

i—27 ;
Pr+(i—r)(d—1)’ r<i<2r

Proof. We prove the statements by computing the spectral sequence ! EP:4 determined by 73.

(1) Let 0 < 7 < n. The p-th column of 77K**(u,v; S) is the truncation 7S~ (*+1=7+P)[Ce (y*; G)
up to twist. Notice that —(n+1—r+p) < —1. By Lemma Hi (1S~ 1=r4p)[Ce (y*; §)) = 0
ifi#—(n+1—r+p). It follows that the p-th column of 77K**(u,v; S) is exact except in spot
(p,r). By considering the zeroth graded component, we have !E}? = 0 if ¢ # r, and

TEPT = (S(r+ p(d — 1))(Zf$)/im&,)0 = (K== (u; S)/imav)wp(dfn'

To compute ! E"", it suffices to consider the complex

(K77 (;.8)/ imdy), — -+ — (K7 8)/imdy), () aeyy = (K@i 9)),
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Comparing this complex with (5.1), we have IEg’T =Q ", TEY = P;_(;(;I:)l) if p > 1. Hence

Hi(Totry) = TRz = TR = Pj;?{'_r)(d_l) when 7 < i < 2r, and H"(Tot75) = TEYr =
I g0r Q"
2 :

T

(2) Let r > n+ 1 and d = n + 1. Just like in the situation in (1), we have

TEPT = (K0P (w;8)/im ),y -

By Lemma and taking into consideration the degrees, we find one more nonzero ! E}'?, namely,

TE)™ =~ k. For TEEY, as shown in (1), TES" = Q;" and 'EY" = P;(;(:ﬁ)l) forall 1 <p < 2r.

Note that QT_LJ(:;H) is a k-submodule of (S/imdy)n11 = kpy1 =0and Q7% = 0if s > n+2. Hence
TR = Q7" = 0 since 7 > n+ 1. We also have TES™ = TE}™ = [ and the rest EL? being all

zero. Assertion (2) follows.
(3) The proof is completely similar to (2). The only difference is that IE(l)’n is zero since

d#n+1 O

The double complex H?* leads to a spectral sequence ¥ EPd by filtration by rows. We begin

to calculate it.

5.1. Case 1: d > n+ 1. Suppose m > 0 and O = Opn. By the exact sequence
0— O(m—d) = O(m) — Ox(m) — 0,

we immediately conclude that H!(X,Ox(m)) = 0 if i # 0, n — 1, and H" (X, Ox(m)) =
H™(P",O(m—d)) 2 H°(P",O(d—n—1—m))*. Obviously, H*(P",O(d—n —1—m)) has a basis

{aloxl - 2in € R|ig+ir+-+in=d—n—1—m,ig,i1,...,in > 0}.
On the other hand, the Cech cohomology group H™ (i, Ox (m)) has a basis
{aloal adn € Spyn [Jo i+ F G =m, 0< jo <d —1, ji,...,jn < —1}

where Sy, ..., is the localization of S at xy ---x,. Since both groups have finite dimension over

k, the duality gives rise to the bijection

(5.2) S HYP",0(d —n—1—m)) — H" (U Ox(m)),
a:éoxzf R x3717i°$f17i1 coeg T

The map .¥ induces HO(P",O(d —n — 1 —m)") — H" (4, Ox(m)") for any r € N which is
also denoted by .7.

Since H™ (U, Ox(m)) = 0 if m > d, by the definition of H2*, we have

n+1

= (w,0x(p)(5)), 0<p<rg=n-—1,
TERT = HI(U, FP) = { (Tot 75)?, 0<p<2rq=0,

0, otherwise.

- n+1 n+1 *
Since H™ 1 (44, OX(p)( , )) = (R( ») )" =K P@;R);_,_,_,, the complex

d—n—1—p
IIE;):{Z*l N IIE5’7{L71 N IIE:’;Ln71 N IIE,::?71
is dual to
(5.3)
ICO(’U; R)d—n—l — K_l(’l); R)d_n_g — o — ]C_T—H(’U; R)d—n—r — IC_T(’U; R)d—n—l—r~
By Lemma the only non trivial cohomology of the complex K®(v; R) is H°(K*(v; R)) = k.
The zero-th cohomology group of (5.3)) is zero since the (d — n — 1)-st graded component in k is
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rm—1 _

zero. The unique possible nonzero cohomology of (5.3) is H" = Z;" | . yielding 7 By =
L (Z;",_1_,). Combining this with Lemma we obtain that  EX:J is given by

y(Zd_Inflfr)a p=rq=n— 1a
p—27

nppa _ B o—rya-1y T<Pp=2r,q=0,
2 T —r
v p=r1,q=0,
0, otherwise.
Immediately, HEf;g =...= HEfjg. On one hand, HE;'};”’O =0 when r <n —1, since r +n > 2r;

on the other hand, in case r > n, we have d —n—1—7 < —1 and so HEI:fL‘*l = 0 since R has only
non-negative grading. So in order to show 7 Ef”,‘f 41 = H E?1 for any pair (r, n), it is sufficient to
prove the differential 7 E7n =1 — T E2m0 (ie. the case r = n) is zero.

Since TEn~1 is a sub-quotient of C=1(U, Fr), we choose a cocycle ¢"~ 1™ € Cm~1(4U, Fr)

C0,277,71’61,27172 nfl,n)

for any class in Eﬁ:}}’l. Performing a diagram chase, a cochain ( e in
H* can be given. Notice that ¢®2"~1 ¢ H%2r=1 = CO(U, F2"1) = K~ (u;9)na—ar1, and so
dy 3 (P21 = 9, (%27~ 1) is a coboudary in K°(u; S)nq, i-e. dy3(c®?"~!) represents the zero
class in PP, = TE2%0 1t follows that the differential " En=1 — T E270 is a zero map. Therefore,
T Epg = TEPS, and

HH)Y =P P "B =P Py @ QT & L2,

reN p+qg=1t r<i

C

5.2. Case 2: d =n+ 1. The formula
~ n+41
a1, 0ox(p)(7)), 0<p<rg=n—1,
TEPT = S (Tot 75)P, 0<p<2rq=0,
0, otherwise.
remains valid in this case. Note that the complex (5.3)) has only one nonzero term K°(v; R)g_,,—1 =

Ry = k. By applying Lemma [5.3| again, we conclude that for 0 < r < n,

k, p=0,g=n—-1,
p—2r .
HEP»q — ‘PrJrn(pfr)7 r<p<2rq=0,
r,2 —r
T o p = r? q = 07
0, otherwise,
and for r > n +1,
ka p = 07 q=n— 1,
I ppa k, p=mn,q=0,
n2 T pror r<p<2r,q=0
r+n(p—r)’ p= y 4 =Y,
0. otherwise.
It follows that "EPd = ... = TED].

Since for any V;, ;. € U, the algebra A;, ;. = Ox(V;,..:.) is identified with the zero-th graded
component of Sy, ..., , the localization of S with respect to the element z;, ---z;,, we conclude
that the Cech complex C'* (4, F?) for any r is the sub-complex of

HS% — H Spijwi, —> H Spiyewi, . — Sz,

i i1<iz 1< i1
consisting of all cochains of degree zero. Since EYn=1is a sub-quotient of C (U, FO), it seems
apt to choose zfx ! -z, € C (4, F9) as a base element of UES;ﬁfl. However, for the sake
of easy computation, we use zy ' -- -z, - OF/0x¢ flexibly rather than z3z; -z '. Similar to
the argument in the case d > n + 1, one finds a cochain (¢%"~1 cbn=2 . ¢n=10) in H* with
L0 =gt gl OF /0xg. The differential HE?;,TZ_l — IIE;L,;? sends the class represented by

¢~ 10 to the one represented by d, (%"~ 1).
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(1) If0 < r <n—1, dyy(c® 1) belongs to Pfgf(’;kr). Recall the shape and size of the
triangle 77K**(u,v; S). The element d, 3 (c®"~1) is zero itself if 7 is very small, or is a

sum Oy (?) 4+ 0, (?') if 7 is larger. According to the construction of (5.3), 9y (?) + 9y (?’)

necessarily represents the zero class. In both cases, ¢c® 10 is killed by the differential
0,

T = TERY.

(2) If r = n, the diagram chase shows d, 3 (c®"~!) = u* +im, € Q,;" = ker{S"*!/im 9, —
S;,(Lnﬂ)/z imd,}. By the definition of C*(u; S), u* + im d, happens to be a base element

of im{Sp/imd — S2+!/imdy,}. So HEYT | =k — HE™? = Q™ is injective and its
cokernel is given by @, "/(ku* +imd,) = P, ".
(3) If r > n+ 1, we claim that the differential HEE,’:_l =k —"E") =k is an isomorphism.

The assertion follows from Lemma [5.4] which will be proven later on.

Summarizing, the spectral sequence

kv p= 07 qg=n— 17
pr2r r<p<2r,g=0
HEf’go _ HEfngrl _ r+n(p—r)’ p= 4 =Y, if 0 <r<n- 17
’ ’ Q" p=r7,q=0,
0, otherwise,
p—21 _
Ugpa —Igps P gy TSP g 2r, ¢ =0, fr—n,
’ ’ 0, otherwise,
p—21 _
HEf’go — HEffH_l —_ Pr—i-n(p—r)’ r<p S 27", q= 0, if >n+ 1.
’ ’ 0, otherwise,
Therefore,
- . _
@P’:-‘rn’Ei—T) EBQZ Z’ ? #n_17na
r<i . ‘
iy = { DPL @ QT ek, i=n—1,
r<i
o o
@ P;-ﬁ-n;i—r)’ t=n.
r<i

Note that F7 is a direct sum of some terms as given in Figure |2, and hence H2? admits a

decomposition
~ n+1 ~ n+1 ~ n+1
Cr (4, 0x(q) (")) @ O (8, Ox (g +d — 2) (i) €7 (4, Ox (g + 2d - H) )y @ -
when ¢ < r. Intuitively, O X(q)(n;rl) appearing in the first component corresponds to a graded

module located at the leftmost edge in Figure [2l We hence call a cochain in H29 left preferred if

it has possible nonzero component only in CP (8, Ox (q) (w;rl))

Lemma 5.4. Suppose d =mn+1 and r > n. There exists a cochain (>~ =2 . cn=10) in
7-[:?71 such that each "~ %9 is left preferred in ’H?*l*q’q and
_ oF
Cn_LO =T b x77187? d]:(co,n_lv clﬂn_27 s 7Cn_170) = ((_1)71—1“*, 07 RN 70)
0

Proof. During the proof, we will frequently meet elements in Sy, ...z; . To avoid confusion, we
underline denominators to distinguish between similar looking elements. For example, xfl € Sz,

2712 € Spynys 7 2979 € Sy nmas- The notations f;, ;. stand for formal bases elements.

When the Cech indices (iy,...,i,) appear, the complements are denote by (ji,...,Jjn_s),

namely, the latter are obtained by deleting i1, ...,is from (1,2,...,n). The permutation

1 ... s s+1 ... n
i ... i J1 cer Jn—s
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is a shuffle, whose parity (n? —s?>+mn —5s)/2— (j1 + -+ jn_s) is denoted by (i1, ...,is) or even
by p(z) if no confusion arises.

Starting with ¢" =19 = 27! ... 2 10F 9z, we have

— et — _, OF = _, OF
d]:(c 1,0):(71) lxll...xnlxo ]c0+ 1299 xnlaixofj
- OF , _ OF
_ n—1 —1 0 —1 _
Choose ¢~ 21 = ( Z_zlzn_l) as
oF OF
n—21  _ )41, —1 -1
Cityoriny = (-1 Liy Ty, <8$0fj1 - 5%‘1&)).
One can easily show that G, (c"~21) = 0. Thus dr(c"2!) = (=1)""29,(c">!) whose compo-
nents are
- OF - oF
n—2,1 — - — _
df(cz‘l,...jn,l) = (_1)J1+1xz‘11 T xinl,lxoaimofojl + (_1)]1+1 Z xz‘ll e x?l o xznl L9z f”Jl

n—1
. oF
+1 —1 0 +1 -1, —1
1)]1 Z A T 1n 1 a fOZz ( )]1 Lo &y Ty a foh

n—1
| ) L (oF oF OF
1)J1+1 § xhl .. z?l - 1;1.”171 ((M)f“jl + ‘8xj fOiz - O f0j1>
=1 ! K

_ —3,2
Choose ¢ 32 = (ci 05 ,) as
_ oF oF
3,2 _ _
Choins = (_1)60(”5”@11 Ty, ! (895 fjin — Oz fojz + 9z f0j1>
J1 J2
which is again in ker 9. Thus dr(c"~32) = (—1)”’38 (c"=32) whose components are
L oF
-3,2 R 1
d]—'(C?1 ..... z‘,l_2) = (- (mil 1n oL foguz + Zx T, Oxo A Firguge

n—2
i “1. 0 gl OF erl ol 8Ff
Ly iy [ 26 foun in_oLi1 O 07172

n—2
_ 4, OF _ oF
_,'_Zx o0 gt f0J1lz+I xln12 328 f0j1j2>

21 2 In—2 a

n—2
- n—ji1—J -1 0 -1 .
7(71) 1 2in1 xllx (6 fZlJ1J2 ax fOll]2
=1 7

Choose ¢"~43 = ( ZT_%’E%B) as
oF oF oF oF
n—4,3 (2 -1 —
cu,...,zn_g = (_1)“ )—Hmil R ! (31‘ fjmjs - lefojzjs + @fojljs - ((jxjsfojljz).

Set jo = 0 by convention and continue the above procedure. We obtain

s—=ln—s _  1\p()+n— S —1 . —1 .
(5.4) C,; : _( ) Z . JO Jme-Jn—s

11,e00y0s

successively, which is obviously left preferred. In partlcular, when s =1,

n*l
A OF
On—1 _ n—i1 =1 " im
T = T S D g s
m=0

m
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and hence
n—1 n—1
. OF oF
0,n—1 n—i m —
d}-(ciln ) = (_1) ! (337,01 Z(_l) ax] filjo...ﬁ...jn,1 +x1711 Z 'ij 81'] f]()]nl)
m=0 m m=0 m
n—1
. OF oF
_ n—1i 0 m 0
= (o D e s g T )
m=0 m
oF oF
_ n—1,.0 m . _1\ym+1 —
L B MG D D it M
Jm <i1 Jm m >i1 Jm
. oF
71 ,.0
+ (_1) 1&81}1‘1 fjo,,,i/i,‘,jn1>
" OF
_ (_1\n—1,.0 _1\ym _
=" ) D) o T
m=0 Im

So d;(c?l’"fl) is actually the restriction of the global section (—1)""!u* to affine V;,. Hence the

result follows. O

With minor modification, the proof of Lemma [5.4] is valid if the hypothesis r > n is changed to

r < n. Thus we obtain one more lemma as follows.

Lemma 5.5. Suppose d=n+1 and 0 <r <n — 1. There exists a cocycle
(O 0 Cnflf'rﬂ‘ Cnfr,'rfl cnfl,O)
) ) P ]

in HP~1 where the components "1~ are given in (5.4). Each c¢"~'=99 is left preferred in

n—1-gq,q
H
” .

Note that there are n copies of k in the expression of H" !(H*). They respectively come
from C"~1 (4, F?) for 0 < r < n — 1. The class represented by the cocycle given in Lemma

n—1,0

is nontrivial since ¢ represents a nontrivial class. Consider the quasi-isomorphisms A given

in (£.2) and v given in Theorem [4.4 The quasi-isomorphic image by yA: He — Ci&g(A), is a

collection of local sections of the sheaf A"Tx. More precisely, we summarize the fact as

Proposition 5.6. Suppose d = n+ 1. For every 0 < r < n — 1, there is a one-dimensional
k-submodule of H" =" (X, A"Tx), and consequently H" =" (X, A" Tx) # 0.

5.3. Case 3: d <n+ 1. This is an easy case, since the complex (5.3)) is zero. The results are

-2
Per(ptr)(dil), r<p<2r,qg=0,
I ppyq _ I pg _ -
E'il“j,go - Ef,g - Qr Ta p=r74q9= 07
0, otherwise,

and

H'H) =P P a1 @0

r<i
6. APPLICATIONS

Based upon our computations in we prove in that a projective hypersurface is smooth
if and only if the HKR decomposition of the second Hochschild cohomology group holds
(Theorem [6.3). This can be seen as an analogue of the characterization of smoothness of affine
hypersurfaces (Remark . In the appendix [A| we give a less computational proof which works

for complete intersections, which was suggested to us by the referee.
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Recall that by definition of the GS complex, we have
Cig(A) = C"2(A) @ CH(A) @ C*OA).
We call a 2-cocycle (m, f,c) € Cé4(A) untwined (decomposable in [6]) if (m,0,0), (0, f,0) and

(0,0,c¢) are all 2-cocycles. A GS 2-class is called intertwined if it has no untwined representative
(m, f,c). Intertwined classes are interesting from the point of view of deformation theory, as the
only way to realize such a class is by simultanous non-trivial deformation of local multiplications
and of restriction maps, with neither deforming only the multiplications, nor deforming only the
restriction maps leading to a well-defined deformation. In §6.2] based upon the results from §5 we
show that for a projective hypersurface as above if either n # 2 or n = 2 and d < 4, no intertwined

2-class exists. We give a family of concrete examples of intertwined 2-classes for n = 2 and d > 6.

Finally, in we pay special attention to the case of quartic surfaces. We show that the
dimension of HZg(A); lies between 20 and 32, reaching all possible values except 30 and 31. The
minimal value HZg(A)1 = 20 is reached in the smooth K3 case. We also present an analysis of
how HZg(A); is built up from 2-classes of type [(m,0,0)] and 2-classes of type [(0, f,0)], giving

explicit computations in concrete examples.

6.1. Characterization of smoothness. In this section, we give a necessary and sufficient con-

dition for a hypersurface to be smooth.

In the proof (not in the statement) of Theorem we make use of the following subgroups of
Heg(A)r:

e the subgroup Eys of 2-classes of the form [(0, f,0)];
e the subgroup Epyu; of 2-classes of the form [(m,0,0)].

First of all, based upon the expression of H?(H?}) from §5, we obtain that Hgg(A); contains
PL? as a summand for any n and d. Every element ¢ € Pg corresponds to a class in Fn¢. Let us

consider when t also belongs to Fies.

Since t € P§ = (S/(im8y))a, t lifts to an element ¢ in Sy. We then identify  to a global
section of Ox(d). For any V € U, t|y € A(V) determines the left multiplication by |y on A(V),
and so t|y o % represents a class in H(zl)(.A(V),.A(V)) which is independent of the choice of t.
Hence t € HZq(A); is represented by the GS 2-cocycle (£0°u,0,0) := (({|v o)y, 0,0) which only
deforms the local multiplications of A. If #]y o % happens to be a coboundary for all V', we have
cochains sy € CH(A(V), A(V)) such that dyeen(sv) = v o %u. Let s = (sy)y € C'%(A) and so
(t o, 0,0) — (0, =dsimp(s),0) = das(s,0). Thus ¢t = [(t o u,0,0)] = [(0, —dsimp(s),0)] belongs to
Eut N Eres. In the other direction, if t € Eny¢ is also in E.e, then we assume its representation
is (0, f,0). The difference (£ o °u,0,0) — (0, f,0) has to be a GS coboundary, say dgs(s,0). It

follows that t|y o % = duoen(sy) for all V € B.
Summarizing, ¢t € Eput N Eyes if and only if ]y o % is a Hochschild 2-coboundary for every
V € 9. Note that A(V) is a localization of A(U) if V' C U. It follows that ]y 0% is a coboundary
of A(V) provided that |y o °u is a coboundary of A(U). So this condition is again equivalent to
the fact that t]y, o % is a coboundary of A; for all 1 <i <n. By
H?) (A, Ay) = Ai/(aai’“ | 0G, 0G aai)
Yo Oyi—1 OYit1 Y3
and t|y, o °u is a coboundary if and only if |y, is sent to zero by the projection A; — H(Ql)(Ai7 Ay).
Since 4; = k[yo -, Yi—1,Yit1,- -, Yn]/(G;) and

0G;
2 v dy;

J#i

+H;, =d- G,
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we have
oG 0G; 0G; 0G;
H2 A“Az =k s Yis1,Yi sy Yn Z,~~~, Z» 19 l,..., ! .
o ( ) = klyo Yi—1,Yi+1 (] }/<8y0 i i1 Byn)

Recall the definition of H; given in There is an algebra map P° — H(Zl)(Ai,Ai) defined
by x; v y; if j # i and x; — 1, whose kernel is (z; — 1)P°. Thus ¢ € FEie if and only if
t € Ny(z; — 1)P°. Notice that ¢ is homogeneous. If t = (1 — x;)7T; for some T; € P°, by
comparing the homogeneous components, we conclude that ¢ is annihilated by a power of z; and
soT; = Zﬁ:o tai" is actually a finite sum. In the opposite direction, if ¢ is annihilated by a power

of x;, then t = (1 — ;) >_~_ ta!™ € (z; — 1)P°. Consequently, we have proven

Lemma 6.1. Let t € Pg. Then t € Eres if and only if x; € \/annp,(t) for all 1 <i < n.

Next let us recall the work [9] by Gerstenhaber and Schack. Starting from their Hodge decom-
position for presheaves of commutative algebras
(6.1) Hs(A) = €D Hés (A,

reN
they prove the existence of the HKR type decomposition
Hés(A) = D HEpp (B, ATT)
p+g=i
for any smooth complex projective variety X, where A = Ox|y (resp. T = Tx|w) is the restriction
of the structure sheaf (resp. tangent sheaf) to an affine open covering U closed under intersection.
In particular,
HEg(A) = HY o (0,AT) @ Hy (0, T) @ HZ, (3, A).

The roles played by the three summands in the deformation of A (viewed as a twisted presheaf)
are explained in [6]. More concretely, elements in the three summands respectively deform the
(local) multiplications, the restriction maps, and the twisting elements of A. If X is not necessarily
smooth, Gerstenhaber and Schack’s result remains partially correct: Hgg(A), = H/" (0, A™T)

simp

if 7 =0 or r =i, and in general Hig(A);—1 contains Hj, (U, A\""'T) as a k-submodule. For

i = 2, we more precisely have

(6.2) Hginp (B, T) = Eres € Hig(A)r.

In particular, now yields

(6.3) HEg(A) = H o (0,APT) @ Hy (B, T) ® HE,p,p (T, A) @ E.
where E is a complement of Fes in Hig(A).

When X is a projective hypersurface, the isomorphism HP(X,A9Tx) = HY,

simp (T, ATT) holds
for all p, g. The decomposition (6.3)) is equivalent to

HH*(X)= H(X,N*Tx)® H (X, Tx) ® H*(X,0x) @ E.
We have thus proven:

Proposition 6.2. Let X be a projective hypersurface. The following are equivalent:

(1) The HKR decomposition holds for the second cohomology, i.e.
HH*(X) = H(X,N*Tx) @ HY(X,Tx) @ H*(X, Ox).

(2) We have H (X, Tx) & Eyes = HZg(A)1-
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Remark 6.1. In deformation theoretic terms, Proposition [6.2] states that for a projective hyper-
surface X, the HKR decomposition holds for HH?(X) if and only if every (commutative) scheme
deformation of X can be realized by only deforming restriction maps while trivially deforming in-

dividual algebras on an affine cover. This is the classical deformation picture for smooth schemes.

We have the following converse of the HKR theorem for projective hypersurfaces:

Theorem 6.3. Let X be a projective hypersurface. The following are equivalent:

(1) X is smooth.
(2) The HKR decomposition holds for all cohomology groups, i.e.
HH'(X)= P HY(X,N\"Tx), VieN.
ptg=i

(3) The HKR decomposition holds for the second cohomology, i.e.
HH*(X) = H°(X,N*Tx) & H'(X, Tx) & H*(X, Ox).

Proof. It remains to prove (3) = (1). Assume X is a hypersurface of degree d in P" which is not
smooth. According to Proposition it suffices to produce a class in Hés (A)1 \ Fres. At least
one of the algebras A; is not smooth, say A,. It follows from Remark that H (21)(147“ A,) #0.

As before, we know
oG oG
H2 An,An =k yeee s Yn— J’...’i’n’Hn
(1)( ) [yo Y 1]/( 9o OYn—1 )

OF OF OF
~ R R B i
/(xn "Oxo’ Ozp_i’ 8xn>
=P%(z, —1).
Since P°/(z,, — 1) # 0 this implies that 0 # 2™ € PP for any m € N. In particular, 0 # z¢ € PJ
presents a non-trivial class in Hag(A)q, and z,, ¢ y/ann,(z¢). By Lemma 1d ¢ e, which
finishes the proof.

Remark 6.2. The inverse HKR result formulated in Theorem actually holds true in greater
generality, and a proof for complete intersections based upon global generation of the normal

sheaf, which was suggested to us by the referee, is presented in the appendix [A]

However, our original computational proof based upon Lemma in which the idea is to catch
a deformation in an affine piece that can be lifted to a global one, may be of independent value.
In particular, later on we apply this idea in order to determine efficiently whether a class in Fpu
belongs to E,es (See Table .

6.2. Examples of intertwined classes. We are particularly interested in HH?(X) since it
parameterizes the equivalence classes of first order deformations of X. We retain the notations
used before. On one hand, we have the decomposition (6.3). On the other hand, any GS 2-cocycle

(m, f,c) € CO2(A) & C'M1(A) & C*0(A)

factors as (m—m?",0,0)+(m?®, f,0)+(0,0, ¢) under the Hodge decomposition where m®" depends
only on m. Since E C HZg(A)1, the elements in E admit representatives of the form (m, f,0).
Normally, neither (m,0,0) nor (0, f,0) is a cocycle. The cocycle is called untwined if (m,0,0) or,

equivalently (0, f,0) is a cocycle. A 2-class is called intertwined if it has no untwined representative.

In this section, we will given examples of such intertwined 2-classes. By the decomposition of
H* and by Theorem |4.4] classes in H2(Hg) and H?(H$) have untwined representatives of the form
(0,0,¢) and (m,0,0) respectively. It is sufficient to consider H?(H$).
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First of all, by the discussion in H?(H?) is the direct sum of P} and Q52 if d < n+ 1. Via
the quasi-isomorphisms H® — G* — £°* — (_j’és(A)7 any element in PY or Q52 gives rise to a GS
2-class of the form [(m,0,0)] € H&g(A). So intertwined 2-class never exists if d < n + 1.

Next, besides P9 and Q2 , H?(H?$) contains k as a direct summand if d = n+1. By Proposition
any nonzero element in k corresponds to a nonzero class in H'(X, Tx) which clearly admits

a representative of the form (0, f,0).

Thus an intertwined class exists only possibly in . (Zg:f ) in the case d > n + 1. Necessarily,
n < 3 since Z" 3 =0 for all n > 3. Since n = 3 implies .7 (Zy_,) C H?(HY), n = 2 is the unique

choice, and so d > 3. Moreover, by the definition of Zdil 4» the short sequence
(6.4) 0— 27, — R, 2R, ,—0
is exact. It follows that Zd:l4 # 0 only if d > 4.

We have proven:

Proposition 6.4. Suppose either n # 2 orn =2 and d < 4. Then HZg(A) does not contain an

intertwined cohomology class.

Now let d > 6 and F = xd —|—x1 125, The map Oy : R3 — R, in (6.4)) sends (rg,71,72) to roxo +
r121 + roZa, whose kernel is 3-dimensional with a basis {(—z1,0,0), (—z2,0,z0), (0, —22,21)}.

Since .7 (Z; ') arises from H?, we consider the double complex

Ser @ Sey — Saras

ik

S2 oS3 —— 53

xr1x2
a,,T o]
Swl S S(L‘z Swla;z Q

with three entries corresponding to H? underlined. We choose the basis element (0, —x, 1), and
S0
F(0, —z2,71) = (0, —zpzy ‘o %, gz 2ay ) € S2 ..
Since u = (dzd™1, (d — 1)2% %29, 2971, 0y (-7 (0, —x2, 1)) is equal to
(d = D "wy - (—agay oy ®) + 2y aguy Moy = —(d — 2)aga]Cay
Choose (0, (d — 2)zgzd 325 1) € Sy, @ Say, and thus ((0, (d — 2)zizd 325 1), #(0, —x9,21),0) is a
2-cocycle in HJ.

Let us prove that the class ¢ := [((0, (d — 2)zdz{325"),.7(0, =22, 21),0)] is intertwined. As-
sume it can be written as [(m/,0,0)] + [(0, f/,0)], then m’ := (m}, mb) € ker{Sy, ® Sz, — Szius}-
Note that S, S, and Sz, can be regarded as k-submodules of S, ,, since S is a domain, and that
Sy, NS,, = S. We then have m/, = m4 and so m} € S. Tt follows that m} + (d — 2)zgzd 325" €
im{0y: S2, — S,,}, say

(6.5) mh + (d — 2)zgzd 3yt = deday + (d — 1) %290z + 25 ay

for some ay, as, az € S;,. By considering their degrees, we have
i 1-
a; = E )\110“33601‘111352 fo—h

0<ip<d
i12>20
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and similarly for as, az. The right-hand side of (6.5) is

iy, d—1, i1, 1—i1 ioir pdo—1 d+ii—1, 2—ig—i
E dX{"xg witay "t — g dXP" Mz 2 x5

i1>0 1<ip<d
1>0
+ E (d _ 1))\12011xéoxil+l1—2x§—lo—l1 + § )\éohxgomtf-&-h—lm%—lo—u'
0<ip<d 0<ip<d
1120 11>0

Observe that the basis element z3z% 325! never appears in any term of the right-hand side, since

d > 6 and 47 > 0. Together with the fact m), € S, we get a contradiction. Thus ¢ is indeed an

intertwined class.
We remind the reader that the projective curve z¢ + ¢~ 'z, has a unique singularity (0: 0 : 1).

Next let us describe how the class deforms A in the case d = 6. We have 4 = {U;,Us} and
U = {V1, Vo, Via}, and define A: U — iU by
V1|—>U1, VQ*—>U2, Vig — Us.

The algebras Ay, Ag, A1z are expressed as k[yo, y2]/ (y§ +v2), ko, w11/ (6 +97), klyo, yr, v1 1/ (yg+
y?) respectively. By the formula (4.2)), we obtain a 2-cocycle (e%,e!,0) in £ given by

e?,1 =0,
eV, = —dxgaizy v, = —4ygyi € Ao,

6?/12 = 74y8y? € Aj,

e%/uCVl = _(0’ —xél’;l.’t;2,1’é$;2x51)|vl2 = (Ovyéyflvygy;Q) € A§27

1

CviscVe = 0.

So by Theorem the intertwined cocycle (m, f,0) is given by
my, = —4Yoyi%Ha,,

_ 5 30
my,, = —4YoYi Ha,,:

°0 °0
_ 4 -2 4, -1 4, -2 \%
Maen = (—yoyl oy T (oY1~ — Your )an1> ° pyi,
and other components equal to zero, where p%z : Ay — Aqs is the restriction map.

Unfortunately, the authors have not found any intertwined class in the case d = 5. So we pose

the following open question:

Question: Does an intertwined 2-class exist for a degree 5 curve in P2?

6.3. The second cohomology groups of quartic surfaces. As we exhibited in §6.2] inter-
twined 2-classes exist for some non-smooth curves. In contrast, by Proposition such classes
do not exist for higher dimensional hypersurfaces, whence for these it suffices to study 2-cocycles
of the form (m,0,0), (0, f,0) and (0,0, c) separately. Among projective hypersurfaces, we are

particularly interested in quartic surfaces in P3.

From now on, let X be a projective quartic surface in P3, i.e. n = 3 and d = 4. By the discussion
in
Hes(A)o = k;
Hs(A)1 2 ko Py
HEg(A)2 2 k@ Q57
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Now let us make the three deformations arising from the three components “k” above explicit,
following Lemma and formula . A direct computation shows that

C2 0 _ xflelérfl oF
123 — *1 2 3 81‘0

1 _1( OF oF
cy =y @yt (ameo - 83:0f3>’
1 OF
0131 =T 1553 ! (_fo sz)a
1 _1[ OF
C§31 = Ty 1x3 ! (axlfo - 81;1f3>’

_1( OF oF oFr

A =t <8x3 fo2 — oy fo3 + fzs)
_ oF oF oF

& =yt <—8x3f01 + affos - afzs)

([ OF oF oF
cy® =3 (8x fo1 — 7f02 + flz)

We choose a map A\: V — U by A(V},..;.) = Uj, if j1 < --- < jr, and the algebra AVj,..45,)

is expressed as k[yo,...,yjr—lyyjr+1,...,yg,yjjl,...,yj: 1/(Gj.). By (4.2 . 0 gives rise to a
2-cocycle (0,0, e?) in & by

2 —_—— - —_—
CVigsCViacVy — —T1 T T3 Do

This in turn gives rise to the GS cocycle (0,0, ¢) by

o —1 _18G3
CvigscViscvy — — Y1 Y2 ay

Using ([4.2)) again, we obtain a 2-cocycle (0,e!,e?) in & from (0,cb!, ¢*0) with €? as above and
el given by

0G oG G oG

e%/12CV1 yl . <2f0 2 f3> 6%/123CV1 yl D (Bfo > f2>
G 5‘G _ IG 5’G

gy = < 3f0 3f >7 VpscVs = Ua 1( 3f0 3f3>

_ 0G 8G _ oG 0G
Cpycvs = y21<—3f0 3f3> Vigac iy = ?/21(—3f0 3f3>

Then we can deduce a GS cocycle (0, f,0) from (0,e!,e?). Notice that the expression of m
is independent of e?. To have the expression explicitly, by the discussion in we only have
to replace the formal base element f; by °9/°0y;, then compose with the restriction map. For

example,

_1{ 0Gy °0 0G4y °0 v
mV12CV1 Yy <_ o o + o ) opViz’
ys °0yo  Oyo °Oys
and so on. Likewise, we conclude that the cocycle (e, e!,e?) in & induced by (¢%2, ¢!, ¢%9) has
the form
0 0G, 8G1 0G,

ey, = 9y fo2 — f03+ O f23,

oG aG oG
o _  0Gy 2. 0Gy
V= a0, for + 9 fos 9 fis,

oG oG oG

0 3 3 3
Cy, = + .
3 (9y fOI 8y1 f'02 3y0 f12

Thus (e, e!, e?) induces the GS cocycle (m,0,0) given by

0Gy °9 °0 090Gy °9 °9 090Gy °9  °0

. U . U L. U ,
dys Oyo Oy Oy2 Oyo Odys  Oyo Oy2  Oys

mvl =
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9Gy °0  °0 9Gy °0  °0 9Gy °0 °0

6.6 my, = — 222 + 222 + 22 ,
(6.6) V2 Oys Oyo Oyr  Oy2 Oyo Oyz Oy2 Oy1 Oy
. 78G3.°3U°873G3.°8U°3+3G3.°8U°3
Vs OQya Oyo Oy Oy Oyo  Oya  Oyo Oyi  Oya

Let us look into the dimensions of HZ¢(A), for r =0, 1, 2. Obviously, dim HZ¢(A)o = 1. Since
PY = (S/(imdy))s = (R/(im dy))s = R4/ ij—o kx; - 6'F/8a:j, we have the following inequality

OF
3xj

oF
=35— dlmZk‘J}l > 35— 16 = 19.

3
dim P? = dim R, — di i—
1m 4 1m fig lmZ.’L‘ o 8;UJ

4,j=0
Next we investigate the upper bound of dim P{. Obviously, {z; - 0F/0z;}o<i<3 is k-linearly
independent provided that 0F/0x; # 0. In particular, dim Z?:o kx; - OF /0xg = 4 and hence

dim P < 31. Interestingly, there is a gap between 31 and other possible dimensions. Let us prove

Lemma 6.5. If dim P) # 31, then 19 < dim P) < 28.
Proof. Suppose F = x§ + fix3 + fox% + fszo + f1 where f; € k[z1, 72, 23] are homogeneous of
degree t.

First of all, let us reduce the lemma to the case f; = 0. In fact, dim P = dim Hgq(A); — 1
is invariant under isomorphism of surfaces. By an argument similar to the argument presented in

the paragraph after Theorem f1 can be annihilated via the isomorphism

1 .
$00—>$0—Zf1, .’Iﬁj’—).’lij (j:1,2,3>.

Now we safely assume f; = 0. Since dim P{ # 31, one of 0F/dx1, OF /0xa, OF /dx3 is nonzero,
say OF/0x1 # 0. By comparing the degrees of 0F/0xz¢ and OF/dx1 with respect to xg, we obtain

OF <. OF
A A A —_— kx;—
(Az1 + Aozo + 3953)8361 € ; T or

for some Aq, )\2, A3 €k only when A\ = )\2 = A3 = 0. Hence
3 3

kal Dkal +Zk @kxlaF@@kzz o
1,7=0 i=1 i=0
It follows that dim Pf <35-7=28. O

Therefore, dim HZg(A)1 € {20,...,29} U {32}. The dimension indeed reaches every number in
the set. We list some examples in Table [I| showing this fact. By Lemma we are able to check
if t € P also corresponds to a class in H'(X, 7x). Accordingly, the dimensions of H'(X, Tx) for
these examples can be computed, as listed in the third column.

For r = 2, the group @5 2 comes from the complex
S8 /im 8y 245 S3/im 9y 25 Ss

by (5.1)). It fits into a projection

Ou

RS R 118
S/ im 8y — 2~ §3/im 8y — %~ g

of complexes. By Euler’s formula, the projection turns out to be a quasi-isomorphism. Hence
Q§2 > ker{Oy: RS — R:}. The dimension of the latter is easier to compute than that of ng.
Let elements in RS be expressed by

(a01, ap2, ap3, A12, 413, CL13)~
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F dim Hgg(A), | dim H (X, Tx) | dim H&g(A)2
oh+ 7t + 2+ 0} 20 20 !
(af +2)* + a3 + 2} 21 4 !
(ef +ad)® + (@5 +ad)? | 22 2 ’
(a3 +a? +a3)% + } 23 2 °
g+ 2t + 23 24 1 1
(a3 +a3)? + 2} 25 ! °
(a3 + oF + 23 + 23)” 26 ! 7
(a3 + 2} + 23)? 27 ! 17
zg + xf 28 1 1
(a3 + 23)° 29 1 11
ad 32 1 31

TABLE 1. dimensions of several groups

If F = a2+ (23 + 23)?, then
ker{8y,: RS — R3} ={(0,0,0,0, zou, —z1u) | u € Ry}
and hence Q;z is equal to
{(0,0,0,0,x0u, —x1u) +imdy | u € St}

whose dimension is 4; if F = (22 4 27 4+ 23 + 22)?, then Q5 ? is equal to the (direct) sum of

~—

{(0, z3u, —x9u, 0,0, xou) + im 3, | u € Sy},
+img, |v e S},

+imd, |p € S1},

(
{(.’ﬂgp, 7.%1[7,0,%0]),0,0
{(0? 07 071'3(]5 —Z2q,%0q) + lmav | qc Sl}a

and so dim Q5 = 16. We omit the computational details and list the dimensions of HZg(.A)z of
these examples in the right column of Table It is obvious that the lower bound of dim Hg(A)2 is
1. However, in the general case, the authors do not know either the upper bound of dim H, (2;5(./4)2,

or any gaps between the bound and 1.

Recall that when X is smooth, the Hodge numbers of X are defined to be h?*9 = dim H?(X, Q%).
Let wy = Q% be the canonical sheaf of X. Then wx = Ox and by [4, Cor. 3.1.4],

HEg(A) 2 HH?*(wx) = H*(X,0%) & H'(X,Qx) & H°(X, Ox).

The dimensions of the three summands are h*? = 1, B! = 20, h%® = 1 respectively. So

dim H3q(A), reaches its smallest possible values for r = 0, 1, 2 if X is smooth.

The converse is not true, as there indeed exist non-smooth surfaces with dim Hgg(A); = 20

and dim HZg(A)o = dim H&g(A)2 = 1. Let us give two examples here.

Example 6.1. Let F = a3+ +x5 —4xox3+325. We knowu = (42}, 423, 4(x3 —23), — 1223 (22—
x3)). A direct computation shows that dim P{ = 19 and dim Q;2 = 0. Note that the surface has
three isolated singularities (0 : 0 : 1 : (") for r =0, 1, 2 where  is a primitive third root of 1.
Furthermore, we have dim H' (X, Tx) = 11, in accordance with Theorem .

Example 6.2. The Kummer surfaces K, are a family of quartic surfaces given by

F = (22 + 2% + 23 — p®22)% — \pgrs
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where
3u? —1

— 32

and p, q, r, s are the tetrahedral coordinates
P=$3—$2—\/§$0, q=$3—$2+\/§xo»
T=$3+$2+\@$1, 8=$3+1‘2—\/§$1-

When p? # 1/3, 1, or 3, K, has 16 isolated singularities which are ordinary double points. In
this case, one can check that u is a regular sequence in R. Thus dim P) = 19 and dim QQ_2 =0.
We also have dim HY (X, Tx) = 1, in accordance with Theorem .

The examples given above with dim H%(X,A?Tx) = dim Hg(A)2 = 1 are all integral, and
vice versa. We will give two examples to show this condition is neither necessary nor sufficient for

integrality of X.

Example 6.3. Let F' = (22 + 23 + 223) (23 + 27 4 222). We can easily prove Q5> = 0 and hence

dim H°(X, A\®Tx) = 1. However, this is not integral.

Example 6.4. Let F = x4 + x3xy. This gives rise to an integral scheme. But QQ_2 is spanned by
(0,0,0,0, 21w, —wou) + im0y, u € {xg, T1,T2, T3}

which is 4-dimensional.

According to our general results, for a smooth K3 surface, we have Pf = FEout C HéS(A)l =
FE,os and dim Pf = 19. To end this section, let us present the resulting two different deformation
interpretations of Hochschild 2-classes in P{ for the Fermat quartic surface, i.e. the first example
in Table [1} Since u = (423,423, 423, 423), PJ has a basis

{aloal aRxP | o + i1 + iz + i3 = 4, 0 < dg, i1, 42,13 < 2}.

We fix the generators and relations of A(V') for all V' € U as follows:

Ay = klyo, y2, 93]/ (Yo + ya +y3 + 1), Ag = klyo,y1, 93]/ (o +y1 +y3 + 1),

As = klyo, y1,92)/ (4o + i +v3 + 1), Ava = klyo,y1,u3,u1 )/ (o + 41 + 43 + 1),
Ars = klyo, y1,y2, 01 '/ (o + vl +us + 1), Aoz = klyo, y1,y2,y3 ']/ (o + vl + 45 + 1),
Atas = Klyo,y1,y2,51 v 1/ (o +yt + s + 1),

For any basis element zz'z2z? € Py, there is a deformation (m,0,0) of A given by
— ,t0, 12,130 — ,/t0, 01,130 _ 0,01, 120
My, = Yo Y2 Y3 KUy My, =Yg Y1 Y3 Uy My, =Yg Y1 Y2 I
_ o, i1, i30 _ o, i1, i20 _ 0, i1, i20
My, =Y Y1 Y3 Ky My, =Yg Y1 Y2 1y My, =Yg Y1 Y2 K

_ . 10,,%1,,20
My, = Yo Y1 Y2 K-

We remark that although the same notation °u is used, it stands for Hochschild 2-cocycles of
individual algebras.
Since in A; one has

1 1 1
1= 43 <4yo> +4y3 <4y2> +dy3 <4y3>,
o —d 1,0 1 °9 1 °0
K = GHoch 4 Yog dyo 4 Y23 £ 4y3 dys )’
Similarly, for As and Az, we respectively have

%= d oo 1, "0 1. "0
K = GHoch 4y0°8y0 4y1°8y1 4y3°8y3 )

it follows that
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o — d 1 °0 1 °0 1 °0
M = GHoch 4 Yo anO 4 A oayl 4 Y2 an2
The three preimages are denoted by s1, s2, s3. By abuse of notation, they also denote 1-cochains

of the algebras A3, A13 and so on. Then we have

10,42, 13 i1, 43 )

my, = dHoch Yo Y2° Y3 S1); my, = dHOCh(yO Y1 Yz 52

10,01 12

01U1?J2 53

91, %3 )

my, = dtoch (Y s my,, = dHoch(yO Y1 Y3°S2

Yo'Y1'Ys 83), My, = dHoch(l/o Y1' Yz 83),

i1, 12

yo Y1 Ya S3

me = dHoch

— ,—\ /_\ —

)
)

i1 12 ) i1, 12
)-

"’nv123 = dHoch

We choose a map X\: V — U by A(V},. ;) = Uj, if j1 < --- < j.. We thus obtain an equivalent
deformation (0, f,0) whose nonzero components of f are

i1, 43

fV12gV1 = yo Y1 Yz S2 Opv12 - PV12 Oyo yz y3 51,

10,41, 12 10,42, 13

fV13gV1 =Yg Y1 Yo S3 Opvm - qu Yo Y2 Y3 51,

i0, 11, 12 i0,,11,,13

fV23gV2 = Yo Y1 Yz S3 OPV“ - qu Yo Y1 Y3 52,

i0, 11, 12 i0, 42,13
Jvisscvi = Yo Y1 Y2’ 83 © pvm - pvm ° Yo Y2 Y3’ S1,

i1, 42 11,43
Frimacva = YU U283 0 pY2, — PY2L, O Y UL Y s2,

01,12 Via i1, 13
fV123§V12 - yO Y1 Y 830 pV123 ~ Pvias © yO Y1 Yz s2-

APPENDIX A. CONVERSE OF HOCHSCHILD-KOSTANT-ROSENBERG THEOREM

In this appendix, we give a proof of Theorem for complete intersections X instead of

hypersurfaces. This proof is adapted from the referee’s report.

Let X be a closed subscheme of a nonsingular variety Y over k. Recall that X is a local complete
intersection in Y if the ideal sheaf Z of X in Y can be generated by codim(X,Y’) elements at every
point. As we discussed in @ the cotangent complex Lx/; is concentrated in degrees 0 and —1
with

L%/ = " Qy, }L;(/k =7/1°,
where ¢ is the closed immersion X — Y. By definition, Ly, is a complex of locally free sheaves

of finite rank. As the same argument at the end of we have
EXtZ})((/\qLX/k7 Ox) = Hp-i—q(/\qL}/(/k).

So Buchweitz-Flenner’s formula for HH?(X) becomes

HH?*(X) = H*(Ox) @ H (LY ;) © HY (ALY p)-
Since (Z/Z%)¥ = Nx,y is the normal sheaf, LY is the two-term complex

8T
Tylx — Nx)y

with cohomology sheaves H°(LY) = Tx and H!(LY) =: C.

Theorem A.1. Let X be a local complete intersection, and let all notations be as above. Assume

the normal sheafj\fx/y is globally generated. The following are equivalent:
(1) X is smooth.
(2) The HKR decomposition holds for all cohomology groups, i.e.

HH'(X)= @ HP(X,A\Tx), VieN.
pF+g=i
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(3) The HKR decomposition holds for the second cohomology, i.e.
HH?*(X) = H°(X,NTx) ® H' (X, Tx) ® H*(X, Ox).

Proof. We only prove (3) = (1). Since X is smooth if and only if C = 0, it suffices to prove C = 0
from (3).

We have H?(Ox) = H?*(X,Ox) and H(A’LY ) = H°(X,A*Tx). Hence the middle direct
summand H' (LY /%) 18 isomorphic to H Y(X,Tx). Apply RT to the exact triangle
(A.1) Tx — Ly — C[~1]

and then we get a long exact sequence

By (3), we have w = 0.
Next, we claim that the natural map
W't HY(X,Nx,y) — H°(X,C)
is zero. In fact, observe the commutative squares

OHN)(/Y

T

.
Ty lx LNX/Y

L

0—¢C
where the lower square is nothing but the map of complexes LY, — C[—1] in the triangle (A.1)).

Taking H! we see that the composition
H°(X,Nx;y) — H'(LY) == H°(X,C)
is w’. Thus if w is zero then so is w’.
Finally, let us prove C = 0. Consider the commutative square of evaluation maps

H(X,Nx,y)® Ox R Nx/y

w'®idl sz

H(X,0)® Ox ——=C
The map 7 is surjective because Ny /vy is globally generated, and 73 is surjective by definition of
C. Thus C = 0 follows from w’ = 0, and the proof is finished. O
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